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Dimensional measurements with threedimensional measu-
ring machines are based on identification procedures con=
cerning technical surfaces of inspected parts. Several me-

thodologies are used to obtain an

optlmal information on

the real form of surfaces and have various phy51cal signi-
ficances concerning tolerances of form.

In this paper, the most common methods of 1dent1f1ca-
tion are defined and compared. Tleir merits are evaluated
in relation with the physical relevance of the measured
criteria and in relation with the accepted international

standards of tolerance of form.

1. Introductioh

Various procsdures are actual- -
ly used for the identification of
geometrical surfaces of mechanical.
components (1,2) on threedimentio-
nal measuring machines. In each
case, the machined surface is iden-
tified by a set of points (xi,yi,
z3;) which are measured and which
are randomly distributed on the
surface. :

S The interpretation of the mea-
‘rements is carried out according to
the following methods
" a) method by successive balan-
cing
b) method of Gauss applled to
the analytical equations of
the geometric surface
¢) method of Gauss applied to
the displacement operators
(torsors or screws) for
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small displacements

d) method of linear program-
ming applied to find the
minimal error of form.

The objective of this paper i
to describe the different methods
and to compare their merits.

2. Method of successive balancing

This method is the traditiona
procedure improved recently by au-
tomatic computations. It is based

.on the selection of p points among

the n measured points with p being
the minimal number of points neces
sary to define the geometric surfa
ce. This surface will include the
p points and the error of form is

iuetermlned relatively to this geo
metric element (E). If the form de

viation is inferior to the reques-

ted tolerance, the geometric ele-.
ment (E)is accepted as associated
surface. If not, another geometric

‘element has to be found. A series
‘of measurements have to be perfor-
-med and the element giving the mi-

nimum error of form is taken as th:

final solution.

This method has some obvious
drawbacks : it is applicable to
sinple surface forms, like planes,
circles spheres. For a high number
of points, it requires long compu-
ting times. The solution is also

-influenced heavily by erratic point

and has no physical 51gn1flcance




3. Method of Gauss applied to the
equatlon of the surface

The principle of the method is
to identify the surface with a sur-
face of the second order quadric
having as equation

n.x.'~’-+b5 "'Cé + 3?55, 1—23 %x*»Zﬁx‘j-
+3px+2q%ﬁer%+d_0

Dividing by <. leaves the equation
with 9 parameters (assuming d. =41 .
means that the surface doesn't con-
tain the datum point :x=4=%=0 .

- The problem to be solved is to -
measure 9 points and to solve a 1li-
near system of 9 variables and 9
equations. The nature of the qua-
dric is found by the following me-
thod

a) Let us deflne the follow1ng

E-[l% b f E=%1§>'F9
cr
g fe g q r d

f, = rank of e f, = rank of E

A = determinant of E

and 'R, Ry, k3, be the roots of

a-x R q
h bax £ (=0
y ~ F x|

or be the eigenvalues of &

b) An identification table is
used to recognize the type

quantities of surface
case Be, fL Si%: of Rﬁﬁf;%?etggnsggzo | designation
sign

1 314 - " YES Real Ellipsoid

2 3] 4 4 : YES Imaginary Ellipsoid

3 31 4. + NO  Hyperbo1oid in one sheet

4 14 - ' . NO Hyperboloid in two sheets

5 3] 3 ' NO Real conus

6 51 3 YES Imaginary conus

7 2 1 4 - YES Elliptic paraboloid

8 2 1 4 + - NO Hyperbolic paraboloid

9 21 3 YES Real elliptic ecylinder

10 21 3 YES Imaginary elliptic c¢ylinder
11 2| 3 NO Hyperbolic cylinder

12 2 1 2 NO Real planes non parallel

13 2] 2 YES Imaginary planes non parallel
14 1.1 3 Parabolic cylinder

15 1 {2 Real parallel planes

16 1 2 Imaginary parallel planes
17 1 1 Coincident planes
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A second problem, well known
in metrology, concerns the identi-
fication of a surface with a given
model. Here, the aim is to find
the minimum number of points of
measurement N in order to identi- .
fy the surface.

The general method to slove
the problem will be demonstrated
on the example of a real cylinder
" with a circular basis. The star-

ting equation is that of a quadriec

with 9 variables. For a cylinder,
we. have : ' ‘
fb= 2 and

f.= 3 or the follow1ng two equa-
tions :

® a(be-F2)-R(Rc-gf)+
g(ff-bg) =0

e b fq 2
©'G"-,€cr"ﬁ%fi+
qrd prd
A b g ¢ L e
%S‘F;-—PS?C:O

@ afbled-r*)- P(fd-rq)+
q(fr-cq)]-ﬁ[ﬁ(_cd_—rz)~'.'
":']E’.(gcl-rp)%q(gr—cp)]+

%[ﬁ(?i—r‘q)-b(gd.—rp)*-
q(gq ?P)] P[ﬂ(?r cq)
—-b(gr— cp)+?(gc| fp)] 0

For a cyllnder with eircular basis,
one has KM = 0 (or equation 1)
and also : Rz =Rg3

Therefore, one can rewrite equation
(1) by expressing that the determi-
nant is zero :

e B o
£ b-oc £
g £ o=

(a-x)[(b-2%)(c-2)- £%7] -

R [ (c-x)-gf] "9 [RF-

q(b-x)=0 |
..:1:_3 2’[CL+ +C]-x(bc"’

ab+ac)+x (H%+37) +
abc -a PR 21?3?‘ -g'b

=0

' - But, k,=0 being zero, it comes :

_..bgz-]-a_}p%% =0

abe - afZ cR”

-x [x¥-c(a+b+e) ~(be +abrac
+Bts 3‘]:0 - _

and the équation of second in pa-
renthese order should have a double
root or : :

with A=0
A= (a.+$:>+c) -z-lf-(bc —Hﬂo*—
ac 4—?? 4-% ):= 0 | (5)

‘which is eguation 3. To identify a cir

cular cylinder, one needs to measu-
re 6 points (or 6 identification
equations) which combined with the
3 equations (1), (2) and (3) provi-.
de 9 equations (6ilinear, 3 non
linear) :




The 6 linear equations can be writ-
ten

|

'The 3 non linear equations can be
‘solved simultaneously by the method
‘of Newton. To find the initial va-
‘lue for the iterative calculation,
;the best method is to solve system
‘(I) simply by adding a supplemen-
:tary condition

Z(d2'+|:32+-_.._ -H"z) sﬁoufct be mini

gTEe solution is obtained by inver-
Esing the system AX =8B  to find
‘a pseudo-inverse .

Y=AaT(aA")? B

‘As matrix R has to be of maximum
rank to calculate a pseudo-inverse,
;it means that the 6 measured points
ishould be valid, i.e. that they are
'not in a particular configuration
iwhich is degenerated (e.g. 6 points
'in a plane are of rank 3). Here,
matrix A has to be of rank 6 which
1s a useful criteria of validity of
;the measurements.

"Special case : It is possible to -~
identify a“eylinder with only 5 '
-polnts measured. This special case

iis*déVeIopped”page'S;
mEsemgthodsaneapplicable to anysure
E@ce identified by the general equa-
ltion : 2 z z i

| S a +b‘é +C3 +€1‘3\3%_+
I«Zgé'x + < ?\:x:g'+~3px+2c]xs +3r§+d;-—0

Using the same general programme.
 ;However, the optimisation is carried
;ogt on the parameters of the equa-
gt;on and does not consider any phy-
jSical aspect for describing the sur-
face, i.e. the distance betweenmea-
‘Sured points and the associated sur-
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" The machined surface will never be exactly

4. Method of Gauss applied to the displa-
cement operator (torsor or screw) for
small displacements

Deviations from the surface are mea-
sured for N points given by a table
(e ;Y0 3, 0, b, o) of the coordi-
nates of the’ m ‘points and the direction

cosines of their normals. At point M

(on the theoretical surface; with coordi-
nates X Y 3¢ there is a normal to
the theoretical surface.

-

ac

Machined

Sur{acc

bﬂL is a point of the machined surface
ovtained by intersection of normzi ™M and

~ the machined surface. An instrumenct.of
inspection will usually measure the alige-

bric quantity :

MiMFF\.:\?L

—
on normal g

- superposable by a displacement screw on.the
the_theoretical surface, i.e. point M
will not be colncident with point Mg
(except for a number of points . MU &6 ).
But, it is possible to minimize the errors
of superposition by imposing a displace-
ment I such as to bring point My the
nearest possible to the plane tangent to
the theoretical surface in M . This
can be expressed in algebric form as :

() - Dz -, +5 =&

Let us define by :b%{ﬁ,i:} the screw of
the small displacements which moves the
machined surface from its actual position .
to a position so that it coincides in a
significatibe way with the surface of de-
finition. The displacement at point M{ is
given by a relation similar to that of a . ..
field of moments taking A  as the point
of reference : : '

face. ~— ——~ . - e
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a8 SCrew

which can alsoc be rewritten :

:fc -[5:._“!1:+(AM x My ). 57-) &

This equation can be interpreted as the
comoment of the displacement screw g
and the pluclg_;lan coordmates of vector

™ SRR (%:3,)-e

aor in a condensed form :

' This relation applies to every point of
. measurement ., One derives a system of

linear equations with & unknowns (o, /3,
¥, w, 0w} the § components of the dlspla-
cement SCI'@wW,

If the nurber of points defining the
surface would only be 6 (general case) and
reasonably chosen, one obtains a system of
6 equations, linear and independent with «
one solution corresponding to €,=€;=.=6=¢
or the superposition of 6 measured points
to 6 points of definition. But, 6 points
are not sufficient to define exactly the
form of a surface of a part, and, practi-
'cally, one uses a number of points supe=

rior to 6

The system of equations is then sol-
ved by a method of Gauss by forming a .
function W , sum of Q

ST (f-3)

- This f'unctlon has to be minimum for the
best solution of the system of T equa-

“tions. In general, a system of 6 equations
is derived such as :

or oy 9%
Vf._a__“.)_':(') _____-’DW::-D DW -0
Dw ~ Qv ‘0w

This system is linear and the solution is
(&,,%, w, v, w D which
is a mgruﬁcatwe dlsplacement and per-
forms an optimal balancing of the part.

- By computation, the points are moved by

the significative displacement screw.and

‘the new distance €. to the tangent plane

is determined, i.e. the form deviation :-:

between the mchmed surface and the defi-

nition surface.

This method is applicable to any form

of surface which is defined by points and

Jormals in the general case. The relevant
equations are linear and the optimisation

:is carried out on a statistical distribu-

tion of form diviations 2.; which is a

‘physical reality and is not nuch influen-

’-11nea.r' _the system is resolved in an easy

ced by erratic p01nts Furthermore, being

_ titutions.

way.

5. Method of linear programming applied to
the screw of small displacements and
giving a minimal error of form

The machined surface defined by a set
of points of measurements ( % 2R )
It is sa.tuated between two nomlnal surfa~
ces Ssuap (superior) and Simf (infe-
rior) parallel or concentric to the surfa-
ce of definition and separated by the to-
Terance of form AF .

’ - .
et Tal®, Dol ve the screw of small
displacements moving the machined suriface
between the surfaces

S sop and -St.m.F

After displacement the distance 4
between point M{ and surface Ssuvpsnould
be negative and the distance €p between
a point M and surface Simf shouid be

positive, or :

--—F""Et'."'(fﬁa'j;)

and
Q_F+§\‘ +(sjﬂi-?;)>/o
2

With the objective function AF

of the tolerance of form being minimal.
The resolution of the system of inequa-.
tions will define a position of the machi-
ried surface which minimizes the deviation
of‘ form. . P

This method is in confomty with the in-
ternational IS0 1101 standard.and respects
the physical nature of the error of form.
It should be acceptable for the ma,jcrity
of metrologlsts and strandazdlsatlon ins-

I
i
}




6. Conclusion

Although automatic threedimensional
measuring machines are now used very com-
monly in industry, there is still a work
of clarification to be pursued to evaluate
exactly the efficiency of different metho-
dologies of identification of surfaces.

In this paper, some of the most used
methods of identification are described
and interpreted in relation with their .
real physical signification. The superio-
rity of the displacement methods is explail
ned and the corresponding algorithms have
been implemented on industrial machines(2).

It is the strong wish of the authors
to pursue exchange of views on the identi-
fication methods among scientific metrodo-
logists, as already undertaken by the
Technical Committee "Quality assurance and
metrology” of C.I.R.P. (International
Institution for Production Engineering
Research). \ : '

Special case :

It is possible to identify a
cylinder with only 5 points measu-
red if one accepts to ignore some
special configurations. In the fol-
lowing derivation, one obtains Xe,
Yo, G-, b and R by solving 5 non
linear equations provided that no
cylinder with an horizontal axis is
considered.
: Let M be a point on the axis
of the cylinder with coordinates

- = -
M:Mo‘f‘/‘[ﬁ

X = Xo +AQ.-
g = 7,0 +"’ b
= O +A

2

i The equation of the circular
“{cylinder with this axis would be
jobtained by eliminating A

(- XomdaF (g -TomdbYe (320 R
{-a(x-%o-da)-bly-Y-Ab) - (3-V)=0
A (o.,l-i-baf-i) = CL('X-XO)-!' 'D (%“Yo) _'*'5—
[x_;co_afa(sc-xo)f-b(g\—‘fo)+5]T+

 atab?ia

i

ot + b1,

r‘j- Yo - b [.0-..(9(*%0) *'.’3[‘,‘\ ~To )+ %J ]e-i-—

- 2
B a'(ﬁ-'Xo)‘!‘ b("é—\(o)*‘%'] - Ra
_ga B PORC |

Xo,Yo,a, b and R are then obtai-

ned'by identificaiton with 5 measu-
red points.

In the general case, when cy-
linder should pass through m points
(m>6) the method of the multipli-
ers of Lagrange can be used to op-
timise with constraints. ‘

Then, if @4 is the identifica-
cation linear equation for a point
M{ and F,G, H the 3 equations
(non linear) which define & circu-
lar cylinder (equivalent to equa-
tions 1, 2 and 3 before,, the fol-
lowing system has to be solved

Q4=Q F:‘-O
' : =0
Gm=0 H
A function W is expressed

i=n

W=§”1+AFﬁpG+VH
by introducing the multipliers,4/

A,y
and the following system is solved :
Sa
.CL G =0
; H =0
CALYANPA
DR
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